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Abstract: In the last couple of decades, mass-spring systems have been of interest for a number of different applications. 
One of primary applications is in the field of real-time simulations. This is due to simplicity of the approach, ease of 
implementation and rather low numerical effort required for the simulation. Those advantages, however, are accompanied 
by disadvantages regarding model ambiguity and simulation accuracy. The paper presents mass-spring system 
formulation for interactive dynamic simulations of geometrically nonlinear deformations. Advantages and disadvantages 
of the approach are discussed and simple examples are provided to give a glimpse of the development.  
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1. INTRODUCTION  
 
Mass-spring systems are relatively simple physical 
models used in certain applications to approximately 
describe static or dynamic structural behavior. The 
simplicity of models based on mass-spring systems and 
relatively low numerical effort required to obtain the 
solution account for the major advantages of the 
approach. Those are the properties that render mass-
spring system very attractive for a number of applications, 
where the simulation efficiency plays the primary role and 
accuracy is of secondary importance. Of course, it is also 
possible to switch the priorities between the efficiency 
and accuracy. The approach may be applied on a micro-
level aiming at a rather fine model, which however would 
impose a significant numerical burden.  An example of 
such an application would be in the field of molecular 
modeling [7]. Also, on the macro-level, this type of 
systems may be used to determine the laws of motion and 
loads of elastic bonds (shafts) in various mechanisms [6]. 
Within the last couple of decades, mass-spring systems 
have been successfully applied in the field of interactive 
computer simulations, where plausible model behavior 
combined with very high simulation efficiency is of main 
interest. The applications range from entertainment 
industry (movie industry and gaming world) and up to 
biomechanics, which also involves various surgical 
simulators. Surgical simulators are a typical 
representative of development requiring multi-
disciplinary approach, since they involve elements such as 
simulation of physical behavior, programming graphical 
environment, realization of interaction between the user 
and deformable model in the virtual environment, 
realization of haptics (sense of touch), etc. FEM 
formulations, like those described in [3, 4, 5], would offer 
a more rigorous representation of physical behavior, but 
higher computational times for more complex models are 
still an obstacle for their wider application. Mass-spring 

systems, with all the aforementioned advantages, are still 
a workhorse in the field.  
However, they also bring certain serious disadvantages. 
The most serious ones are related to simulation accuracy 
and model ambiguity. The accuracy of obtained results is 
severely jeopardized by the fact that continuum is 
represented by means of a simplified physical model of 
truss type. The model ambiguity is also a very important 
factor in this respect. Determining mass distribution, 
topology of their interconnections, stiffness and damping 
distribution in the system, etc. are all quite cumbersome 
tasks. Up to now, there is no widely accepted way of 
solving the tasks. Many authors have made efforts to 
resolve one or a few of those tasks and it turns out that an 
appropriate solution is also dependant on the purpose of 
application. For example, genetic algorithms are very 
appealing to resolve topology and stiffness distribution in 
the structure [1], but, strictly speaking, solutions are only 
applicable for linear analyses, i.e. for rather small 
deformations. 
The authors have developed a program for interactive 
simulation of mass-spring systems’ dynamic behavior. 
The development supports geometrically nonlinear 
deformations of system’s elastic elements. Explicit time-
integration scheme has been used for the purpose, which 
provides a very elegant and efficient way to account for 
geometrical nonlinearities.  
 
2. FORMULATION OF MASS-SPRING 

SYSTEM 
 
Of all deformable models, mass-spring system is arguably 
the simplest and most intuitive one. This is the main 
reason for the large interest in it during the previous 
decades. A model based on mass-spring systems consists 
of a collection of point masses connected by a network of 
massless springs. The springs are commonly modeled as 
linearly elastic and this approach is also used in the 
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present development. However, it should be pointed out 
that it would not demand a too great effort to extend such 
a model to account for material nonlinear behavior of 
springs and, furthermore, to model plasticity. The 
development presented in this paper aims at geometric 
nonlinearities, which are a consequence of large local 
rigid-body rotations of elastic elements, i.e. springs.  
Adopting the model with linearly elastic springs, the 
necessary parameters that define properties of a spring are 
the spring stiffness coefficient, k, damping coefficient, d, 
and initial (unloaded) length of the spring, l0. The 
topology defines how the masses are connected to each 
other. Once the parameters and topology are given, it is a 
straightforward task to determine the internal elastic and 
damping forces, i.e. the forces due to deformation of 
springs connected to mass mj and due to relative velocity 
of mass mj with respect to other masses connected with it 
by springs. Regardless of the current configuration of the 
system, the intensity and orientation of forces are easily 
determined, since they always act along the springs, i.e. 
along the straight lines between interconnected masses. 
This offers an easy way of accounting for geometric 
nonlinearities. Let us assume that the point mass mj, 
whose position is defined by vector ju

r
, is connected to 

nmj point masses listed as mj(i), i = 1,…, nmj, by the same 
number of springs, listed as kmj(i) and dmj(i), i = 1, …, nmj. 
Then, the internal elastic force and internal damping force 
acting on mass mj are respectively given by the following 
expressions: 
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The forces computed by Eqs. (1) and (2) are based on 
current positions of point masses and, therefore, correspond 
to the current system configuration. Generally speaking, 
geometrically nonlinear analysis would require an update 
of structural stiffness matrix from step to step within the 
time integration scheme. The stiffness matrix of a rod 
element (which is equivalent to the spring) is rather simple, 
but it would change in each time-step primarily (but not 
only) due to element’s change of orientation in space. That 
would require to re-compute the element stiffness matrices 
and to re-assemble the complete structural stiffness matrix. 
Hence, a time integration scheme that would circumvent 
the assemblage of complete stiffness matrix and that would 
rely only on Eqs. (1) and (2) to account for geometric 
nonlinearities might be a reasonable choice for the purpose 
of efficient interactive simulation. Explicit time-integration 
schemes offer the aforementioned property. Therefore, the 
authors of the paper decided to make use of the central 
difference method.  
 
3. EXPLICIT TIME-INTEGRATION SCHEME 
 
Within an FE transient solution, the integration of 
dynamic equilibrium equations is the most time-

consuming part. The direct integration methods are 
divided into the group of explicit methods and group of 
implicit methods. The main differences between them are 
the expense of calculating one time step and the time step 
size due to stability criteria [2]. The implicit methods are 
unconditionally stable, which accounts for their 
advantage. This means that the time step size is dependent 
only on the accuracy requirements of the user. However, 
the choice of the time step size should also take into 
account a relatively large computational effort in each 
time step due to the necessary iteration, especially in a 
geometrically nonlinear analysis. Contrary to the implicit 
methods, the time-marching-forward scheme of explicit 
methods does not require a factorization of the stiffness 
matrix. Though savings are made on avoiding the use of a 
matrix inverter, the price is paid by being restricted in the 
size of the time step, which has to be smaller than a 
certain critical value for the solution to be stable. The 
critical time step directly depends on the largest 
eigenfrequency of the finite element assemblage 
influenced by the discretization of the structure (smallest 
element). Within a nonlinear analysis, the critical time 
step varies during the solution process, because it depends 
on the geometry and material conditions that change 
during the analysis history, and, generally speaking, it is 
for each increment derived from the linearized system. 
Hence, a short time step has to be used in the simulation, 
which has a negative effect on the overall computational 
time, but on the other hand, the iteration errors due to 
nonlinearities are negligible and hence, no iterations are 
performed. Further advantage of the explicit approach 
may be achieved by using diagonal (lumped) mass and 
damping matrices so that a system of dynamic equations 
can be solved without factorizing any of the matrices. In 
the case of mass-spring systems, the mass matrix is 
already diagonal. This results in another apparent 
advantage of the approach – the calculation can 
essentially be carried out on the element level, since no 
stiffness and mass matrices of the complete finite element 
model need to be assembled. 
Within an explicit time-integration scheme, the dynamic 
equilibrium condition is given by: 
[ ] { } [ ] { } { } { }int

t
ext

ttttt ffuCuM −=+ &&&  (3) 
where [M] is the masse matrix and [C] the external 
(environmental) damping matrix, {Fext} and {Fint} are the 
external (excitation) and internal (elastic and damping) 
forces of the FEM assemblage and the left superscript 
denote at which moment of time the quantity is taken. The 
central difference method assumes the acceleration by the 
following finite difference expression: 
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The error in Eq. (3) is of order (∆t)2 and to have the same 
order of error in the velocity expansion, it is defined as: 
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The displacements at time t+∆t can be given as: 
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and starting from this one, Eqs. (4) and (5) can be 
rearranged so that it can be written: 
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A stability consideration of the central difference scheme 
gives the limit of the time step length as: 

maxn
cr f

2tt =≤ ∆∆  (9) 

with fn max denoting the highest eigenfrequency of the 
finite element assemblage with n degrees of freedom.  
Introducing Eqs. (7) and (8) into Eq. (3) one obtains: 
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Eq. (10) can be separated if the matrices [M] and [C] are 
diagonal. At first a lumped mass matrix, [M], is determined 
and defining environmental damping [C] = c⋅[M], Eq. (10) 
can be rewritten for each degree of freedom i as: 
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and Eq. (6) is used to perform the time integration. 
 
4. EXAMPLES 
 
The examples are relatively simple and are chosen to give 
a rather general impression on the approach and 
achievable results. The developed formulation of mass-
spring systems has been implemented in an interactive 
graphical environment. The graphics is programmed 
using the OpenGL library. The user can interact with 
deformable objects on the screen by means of mouse. A 
mouse click, while the mouse pointer is positioned 
somewhere over the window with an interactive model, 
selects the node (the concentrated mass) with the position 
nearest to the position of the mouse pointer on the screen 
and moves it to the mouse pointer’s position. Without 
releasing the mouse button, the user may drag the selected 
node around and deform the model through a predefined 
node position (which is equivalent to predefined 
displacement).  
Fig. 1 shows the application of mass-spring system to 
model a quasi 2D-structure – a cloth. The considered 
structure is rather flexible. The figure depicts a wire 
model in order to exemplify the proposed mass 
distribution and topology of spring connections. For a 
more realistic appearance, a triangularized surface would 
be defined and covered by an arbitrary texture. As can be 
noticed, the masses are interconnected so that they form 
quadrilateral cells with springs along the edges. The upper 
part of the figure depicts the structure under sole 

influence of gravity. The remaining of the figure depicts 
deformed configuration caused by dragging around the 
lower right node of the structure. One may notice that 
rather large displacements of the node and induced large 
geometrically nonlinear deformations are easily handled. 
 

 

         

   
 

Fig.1. Interactive cloth model modeled by mass-spring system 
 

 

 

 
 

Fig.2. Interactive cube model modeled by mass-spring system 
 
Fig. 2 shows the same approach used to model a 3D-
structure. As in the previous case, the wire-model is also 
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here shown. The depicted cube consists of cell-cubes, 
whereby the masses within each cell-cube are 
interconnected by springs along edges, face diagonals and 
space diagonals of the cell-cube. This model does not 
contain any nodes with boundary conditions, which 
means that it can also perform large rigid-body motion in 
the space. This fact is obvious from the middle part of 
Fig. 2.  
The authors have also included further functionality in the 
developed code. This implies the possibility of defining 
originally free nodes as fixed nodes. This feature works 
interactively, i.e. over the course of an interactive 
simulation. Furthermore, it provides the possibility of 
obtaining rather complex shapes starting from relatively 
simple ones. Fig. 3 depicts such complex shapes obtained 
starting from the cloth structure given in Fig. 1 after 
defining additional 3 nodes as fixed in space and moving 
around their positions.  

 
 

Fig.3. Interactive change of boundary conditions and resulting 
complex shapes 

 
One of the additional functionalities is the possibility of 
interactive cutting off nodes from the model, which is, for 
instance, the necessary functionality to model material 
tearing. Fig. 4 shows the effect of this feature applied on 
structures from Figs. 1 and 2.  

 

 

     
 

Fig.4. Interactive cutting off nodes from the model 
 

 
5. CONCLUSIONS  
 
The paper presents formulation of mass-spring system in 
combination with an explicit time-integration scheme for 
efficient dynamic analysis including geometrically 
nonlinear deformations. Compared to continuum-based 

FEM models, mass-spring systems are rather easy to 
implement, handle easily large deformations and are 
computationally very appealing, but come with serious 
drawbacks regarding accuracy and ambiguity of model 
building. With these features, they are mainly used in 
applications requiring high numerical efficiency, such as 
virtual reality applications, though the application in the 
fields that demand higher level of accuracy are also 
possible, especially when modeling on micro-level is 
considered.  
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