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Abstract: The dynamic behavior of machine elements and systems has a very important influence to the machine stability and 
efficiency. In this paper the single-row ball bearing is subject of research. The ball bearing dynamics is analyzed and reduce 
to the single degree of freedom dynamics model. The different reasonable assumptions are taken in this analysis. 
The periodic variable ball bearing stiffness is recognized as the main influent factor to the vibration behavior of this 
machine element, and therefore, the special attention was paid to the new approach and procedure for stiffness solving.  
The periodic variable radial stiffness for one particular type of single-row ball bearing is calculated in this paper. The 
Finite Element Analysis (FEA) is used for stiffness calculation. Obtained periodic stiffness function is built in the 
developed single degree of freedom analytical model of ball bearing dynamics. Results for ball bearing vibration is 
shown and verified by comparation with experimental measurements. 
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1. INTRODUCTION 
 

The one of the most important parts of mechanical 
systems with aspect of their safety and continuous work is 
bearings. Damage or other reasons that lead to the 
operating failure of bearings have very high influence on 
the life of all equipment and sometimes their suddenly 
failures can cause significant economic losses. Therefore, 
the study of rolling-element bearings was and still is an 
important research topic. 
Research of rolling-element bearings dynamics has an 
impact in almost all innovative research in order to 
prevent mechanical systems failures, [1-3]. There is a 
very wide range of different procedures for analytical and 
experimental determination of the vibration 
characteristics of rolling-element bearings in recent years, 
[1-7]. The analyses of these procedures concluded with 
very large deviations in results, which are the effect of 
different positions for displacement and acceleration 
measurement in experimental setups or different 
assumptions in mathematical calculations. 
In accordance with above mentioned postulates, the aim 
of this paper is to define the basic settings for developing 
of the analytical procedure for assessment of the radial 
ball bearing dynamic behavior. This procedure should 
uses advanced numerical methods which have extensive 
use in recent decades with computer performances rise. 
So, the Finite Element Analysis and numerical solution of 
differential equation of bearings assembly dynamics have 
been used in procedure developing. 
 

2. ANALITICAL DYNAMICS MODEL FOR 
RADIAL BALL BEARING DYNAMICS 
 

The physical model for analyzing the vibration of the 
rolling element bearing is shown in Fig. 1, [8]. This 

model describes a machine system that consists of a 
flexible shaft and a flexible casing on a flexible mount. A 
shaft and a casing are coupled with a rolling element 
bearing. This system can be a part of various mechanical 
assemblies and machines. 
 

 
Fig.1. Physical model of mechanical system with rolling 

element bearing, [8]  
 
The matrix form equation that explains the linear discrete 
vibration model of the system shown in Fig.1 has a 
following for: 
 

          ( ) ( ) ( ) ( )   M q t D q t C q t F t  (1) 
 

where [M], [D] and [C] are the system mass, damping and 
stiffness matrices respectively, and {q(t)} and {F(t)} are 
the generalized displacement and applied load vectors 
respectively. The calculation of variable components of 
the vector of applied loads {F(t)} and variable 
components of the stiffness matrix appear to be the main 
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tasks in order to solve the equation (1). In accordance 
with the shaft rotating it could be supposed that the 
periodic alternating shaft loads act on the rolling element 
bearing. Also, the time dependent periodic stiffness of 
rolling element bearing could be assumed. The energy 
dissipation associated with the rolling element bearings is 
assumed to be an energy equivalent damping matrix [D] = 
σ[C], where σ is the damping matrix proportionality 
constant, [8]. 
Fig.2 shows the example of the reduction of the linear 
bearing system shown in Fig.1. The Fig.2(a) presents the 
mechanical system which is assumed to be freely 
suspended, so a ball bearing with constant axial load is 
supporting a short rigid shaft. 
This model has 12 degrees of freedom, but the same 
system has been analyzed as simple vibration model with 
two degree of freedom shown in Fig.2(b) in the case of 
radial ball bearing, when the generalized displacement 
vectors have been reduced to the corresponding 
displacements in x direction and the assumption of rigid 
casing is adopted. It is due to the main characteristic of 
radial ball bearing to support only in one – radial direction 
(direction normal to the shaft axes direction). The 
dynamic excitation in DOF=2 case is difference between 
the displacements of casing and shaft (xc-xs). 
 

 
a) 

 

 
b) 
 

Fig.2. (a) A mechanical system with rigid shaft, ball 
bearing and rigid casing (b) Reduced model with DOF=2 
 
Analytical equations that explain the nonlinear dynamic 
model shown at the Fig.2(b) have the following form: 
 

   ( ) ( ) ( )c c b c s b c sm x d t x x c t x x F t      

   ( ) ( ) ( )s s b c s b c sm x d t x x c t x x F t         

It is evidently that the calculation of periodic varying 
radial ball bearing stiffness cb(t) has very important role 
in vibration analysis.  
In next step of assumptions, the model of radial ball 
bearing vibration with two degrees of freedom, Fig.2 (b) 
could be reduced to the one degree of freedom model 
shown in Fig.3 and described with the following equation: 
 

( ) ( ) ( )red b bm x d t x c t x F t        (3) 
 

where mred is reduced mass of ball bearing system 
(mred=msmc/(ms+mc)), cb(t) is the periodic varying radial 
ball bearing stiffness, db(t) is the ball bearing damping 
function and F(t) is the time varying radial load applied to 
the shaft.  
In another case, when the mechanical system shown in 
Fig.1 is consist of flexible shaft, radial ball bearing and 
rigid casing, system could be also reduced to the system 
with one degree of freedom, Fig.3 and equation (3). But, 
in this case, the   reduced mass is equal to the mass of the 
casing and the radial ball bearing stiffness  is 
characteristic of ball bearing assembly with shaft. This 
case is choose for consideration in this paper. 
 

 
 

Fig.3. Dynamic model of radial ball bearing with one 
degree of freedom  

 
3. NUMERICAL MODEL FOR CALCULATION 

OF RADIAL BALL BEARING STIFFNESS  
 
The radial ball bearing deformation is function of the 
material characteristics of ball bearing elements, 
geometry and dimensions of contact elements (inner ring, 
outer ring and balls), intensity and characteristics of 
external load, variable number of balls in contact etc, [9-
11]. The radial ball bearing stiffness is characteristic of 
the ball bearing assembly defines by the relation of 
external loads and deformation: 
 

cb(t)=F(t)/δ(t)       (4) 
 

In this equation the F(t) is the time varying radial load 
acts on the ball bearing and δ(t) is the time varying elastic 
displacement of bearing axis that is equal to the total 
deformation of ball bearing in the radial direction, i.e. 
total radial displacement of axis of bearing in radial 
direction. The time varying radial stiffness can be 
calculated analytically, [9, 10] or by experimental 
measuring of ball bearing displacement in terms of 
predefined external loads, [4, 5]. The more comfortable 

(2) 
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but on same time equally accurate procedure for ball 
bearing stiffness calculation is by time dependent Finite 
Element Analysis for one time varying period of one ball 
passing along the contact period (period during one ball is 
continuously in contact). The definition and analytical 
procedure for calculation of one contact period angle is 
given in [12], and has a following form: 
 

02 2arccos(1 2 )   , 0

0

1

2
2

e





 
 

  
  
 

    (5) 

 

where: 2ψ is the angle that correspond to one contact 
period, ε is the load zone parameter, δ0 is total contact 
deformation of bearing parts in start point of contact on 
the most loaded ball and e is radial clearance of radial ball 
bearing. 
The Finite Element Analysis (FEA) is used for calculation 
of the radial ball bearing stiffness (4) by calculation of the 
total radial displacement of axis of bearing in radial 
direction and assumption that the external load has 
constant value. The FEA is performed and presented in 
this paper on a particular case of radial ball bearing with 
following main characteristics: diameter of outer ring – 
110 mm, diameter of inner ring – 50 mm, number of balls 
- 8, radial clearance – 10 µm (6310 by SKF). 
The finite element model developed for calculation of the 
radial ball bearing stiffness is given in Fig. 4. The 
developing of this model is in accordance with following 
assumptions: rotation speed has limited effect on the 
radial stiffness of ball bearings, the centrifugal and 
gyroscopic effects are ignored, the sliding friction force is 
negligible, bearing damping has mild effect on bearing 
dynamic because of elastohydrodinamic lubrication in 
ball bearings, [9]. 
 

 
 

Fig.4. Finite element model for radial ball bearing 
 
4. RESULTS AND DISCUSSION 
 
In order to model the radial ball bearing SKF 6310, the 
angle for a one contact period has been calculated in 
according with equation (5) and has a value of 168º. The 
end point positions of a ball contact for research radial 
ball bearing are presented in Fig.5 in the bearing two 
dimension solid model.  
The Finite Element Analysis (FEA) is used for calculation 
of the total radial displacement of axis of bearing in radial 
direction. The node for displacement reading from the 
FEA results is chosen in accordance with the definition of 
ball bearing stiffness and is placed near the contact 
between the inner ball bearing ring and shaft. In Fig.6 the 

results for displacement in radial direction is shown in the 
position with maximum loading of a ball in center and 
with three balls in contact. In this case, the SKF 6310 
radial ball bearing operate alternating with three balls in 
contact and four balls in contact. Therefore, the similar 
finite element model is developed for the periods with 
four balls in contact (end positions with four balls in 
contact are shown in Fig.5). In this paper, the constant 
radial ball bearing stiffness in all points with the same 
number of balls in contact is assumed. So, the periodic 
variation of radial stiffness has a shape as is shown in 
Fig.7, calculated for SKF 6310. 

 

       
 

Fig.5. The first and the last point of a contact period – 
one period in stiffness variation 

 

 
 
Fig.6. FEA results for displacement in radial direction for 

SKF 6310 
 

Obtained results for radial ball bearing stiffness are put in 
nonlinear dynamic analytical model defined with equation 
(3). Damping is neglected and the constant external radial 
load is defined in accordance with above mentioned 
assumptions. The reduced mass of ball bearing system 
mred of 0.5 kg and the external radial load of F = 5000 N 
are choose. The Runge-Kutta numerical iterative methods 
and commercial software MATLAB are used for solving 
the differential equation of nonlinear dynamics of ball 
bearing assembly and the obtained results for few 
stiffness function period are shown in Fig.8. The 
comparison with experimental results of other author, [3] 
verified the developed procedure and models. 
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Fig.7. Periodic variable radial ball bearing stiffness for 

SKF 6310 
 

 
Fig.8. Vibration displacement of radial ball bearing  

SKF 6310 
 

5. CONCLUSIONS 
 
 The analysis of different authors procedures for 

solving the dynamic behavior of ball bearings shows 
that the developing and verified of unique procedure is 
very important. 

 The dynamics of radial ball bearing is reduced to the 
dynamic model with one degree of freedom. All 
adopted assumptions are explained. 

 The numerical Finite Element Method (FEM) is used 
for calculation of radial ball bearing stiffness. The 
FEM models are developed for one particular radial 
ball bearing type. 

 The calculated radial stiffness is presented as two 
value variable function of time. 

 The Runge-Kutta numerical iterative methods and 
commercial software MATLAB are used for solving 
the differential equation of ball bearing assembly 
dynamics. 

 The experimental results of other author verified the 
developed procedure and models.  
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